Understanding the visocoelastic properties of soft biological tissues is important for progress in the field of human healthcare. This study analyzes the viscoelastic properties of soft biological tissues using a fractional dynamics model. We conducted a dynamic viscoelastic test on several porcine samples, namely liver, breast, and skeletal muscle tissues, using a plate-plate rheometer. We found that some soft biological tissues have non-minimum phase properties; that is, the relationship between compliance and phase delay is not uniquely related to the non-integer derivative order in the fractional dynamics model. The experimental results show that the actual phase delay is larger than that estimated from compliance. We propose a fractional dynamics model with the fractional Hilbert transform to represent these non-minimum phase properties. The model and experimental results were highly correlated in terms of compliance and phase diagrams and complex mechanical impedance. We also show that the amount of additional phase delay, defined as the increase in actual phase delay compared to that estimated from compliance, differs with tissue type.
I. INTRODUCTION A. Background
Understanding the physical phenomena in the human body is important in bioscience and bioengineering. Knowledge of the mechanical properties of human tissues will lead to progress in healthcare. In particular, understanding the viscoelastic properties of biological tissues is key because they can reveal tissue function. These properties are also important for medical treatment because they are closely related to tissue type and disease.
Nevertheless, methods for analyzing the viscoelastic properties of soft biological tissues are not well established. The properties of soft biological tissues are different from those of synthetic materials and thus cannot be directly modeled in the same manner [1, 2] .
The motivation behind this study is to determine the viscoelastic properties of soft biological tissues by modeling their macroscopic properties. Ideally, a model should be strongly correlated with the experimental data and have a small number of parameters. A small number of model parameters is important for determining the viscoelasticity of soft biological tissues, the identification of tissue function, and the robust discrimination of tissue type based on viscoelasticity. * yo.kobayashi@me.es.osaka-u.ac.jp
B. Related research
Many studies have reported that soft biological tissues have viscoelastic properties [1] [2] [3] . An ordinary differential equation, such as that in the Voigt, Maxwell, or Kelvin model, is generally used to model viscoelastic properties [1] [2] [3] [4] . Models with a small-order ordinary differential equation do not well fit experimental data for biological tissues. A large-order ordinary differential equation such as that in the generalized Maxwell model can be used to increase model accuracy at the cost of a large number of model parameters. For example, studies have modeled the nonlinear viscoelasticity of the brain [5, 6] , kidney [7] , breast [8] , liver [7, [9] [10] [11] [12] [13] , skeletal muscle [14] , and subcutaneous tissue [15] .
Fractional differential equations have recently been shown to be efficient in modeling the viscoelastic properties of biological tissues. The fractional dynamics model represents a power law response, which is obtained from experimental data of soft biological tissues, with a relatively small number of parameters [16, 17] . For example, the fractional dynamics model was used to model the viscoelastic properties of the lung [18] [19] [20] , the brain [21, 22] , skeletal muscle [22] [23] [24] , tendons [25] , cultured cartilage tissues [26] , and cells [26] [27] [28] . Fractional models such as the springpot model have been used to analyze the response in research on magnetic resonance elastography [22, 23] . Fractional dynamics has become popular for modeling viscoelasticity, with experimental data and models reported for vessels [16] , the lung [18] [19] [20] , skeletal muscle [22-24, 29, 30] , the brain [21, 22] , tendons [25] , the liver [22, [31] [32] [33] [34] [35] , breast tissues [36, 37] , muscle cells [26] , blood cells [27] , and living cells [28] .
The fractional dynamics model has been applied to a wide variety of materials, including biological materials. We previously developed a viscoelastic model based on the fractional dynamics model [29] [30] [31] [32] [33] [34] [35] [36] [37] . The model was derived using experimental data obtained from in vitro measurements of a porcine liver [31] [32] [33] [34] . We also validated the model with data obtained for in vitro breast tissue (mammary gland, fat, and muscle) [36, 37] . The model was partially evaluated using data for in vitro and in vivo skeletal muscle tissue [29, 30] .
Our previous study [35] also investigated the dynamic viscoelastic properties of liver tissue and evaluated the pairing of compliance J(ω) and phase delay φ(ω). The study showed that liver tissue has a power-law decrease in compliance J and a constant phase delay φ in the frequency domain. These characteristics can be accurately represented using a fractional dynamics model. In the experiment and model, the compliance J and phase delay φ were found to be causally related via a non-integer derivative order α, specifically J ∝ ω −α , φ = − π 2 α. In this case, the dynamic viscoelastic properties of liver tissue are represented by minimum phase properties [38] . In previous studies, we also conducted a dynamic viscoelastic experiment on breast [36, 37] and muscle [29] tissues. The results showed that the experimental data of breast and muscle tissues are not as highly correlated with the fractional model as the data for liver tissue are.
C. Objectives
The objective of this study is to develop a fractional dynamics model that represents the viscoelastic properties of soft biological tissues. Specifically, a dynamic viscoelasticity test, which gives the frequency response, was conducted. We found that skeletal muscle and breast tissues have non-minimum phase properties; that is, the relationship between compliance and phase delay is not uniquely related to a non-integer derivative order α. The experimental results show that the actual phase delay is larger than that estimated from compliance.
This paper proposes a model for representing the nonminimum phase properties obtained from a dynamic viscoelasticity test. We also show the amount of additional phase delay, defined as the increase in actual phase delay compared to that estimated from compliance, for several tissue types. Figure 1 shows an overview of this article.
II. MATERIALS AND METHODS

A. Materials
We investigated the viscoelasticity of several types of porcine tissue, namely the liver, mammary gland, breast muscle, breast fat, and psoas major muscle, longissimus thoracis muscle, and muscle fat. For the liver [35] and breast [36] tissues, we used the experimental data from a dynamic viscoelastic test reported in a previous study. We conducted an experiment on skeletal muscle tissues. Figure 1 (a-2) shows the details of the measurement setup.
B. Experimental setup and procedure
The experimental setup and procedure are almost the same as those described in a previous article [35] . A description is given in this section to enhance the readability of this article.
We used a plate-plate rheometer (AR-G2 or DHR2; TA Instruments, New Castle, DE) to measure the stress and strain of the sample. A shear stress rheometer was selected because the shear test must be independent of any change in the cross-sectional area in the stress calculation. In addition, with this device, the effect of gravity can be disregarded. From these measurements, the conventional shear strain x and conventional shear stress f were calculated. The measurements of strain x and stress f are valid only when there is no slip between the sample and the plates. Thus, sandpaper was attached to the top plate and the measurement table to prevent sliding. The samples were cut into slices (diameter: 20 mm; thickness: about 5 mm), which were placed on a measurement table. The samples were soaked in a saline solution at 35
• C during testing.
After the saline solution had reached the target temperature, the gap between the table and the top plate was zeroed to the surface of the saucer. The saline solution was stable, and there was no reflux flow. Each tissue sample was placed on a measurement table, and the sample thickness (i.e., gap) was determined. The sample thickness was defined as the distance between the surface of the saucer and the surface of the parallel plate (part of the measurement device) at the time that the normal stress resulting from the contact between the parallel plate and the sample reached 0.1 N. To engage the sample and parallel plate, preloading for over 100 seconds and unloading for over 100 seconds were performed three times under a constant shear stress of 375 Pa. The following series of experiments were conducted for each sample after the above initialization procedures.
A sine-wave stress of 0.1 to 10 rad/s, providing a 1.5% strain amplitude, was applied to the sample. The strain amplitude of 1.5% (= 0.015) is within the range in which all tissues exhibited linear responses. The compliance J, phase delay φ, storage elastic modulus G', and loss elastic modulus G" at various angular frequencies ω were measured. Details of the process used to obtain the experimental results from the dynamic viscoelastic test are described in [35] . The effects of the mass (inertia) and shear viscosity of the external normal saline solution could be disregarded at frequencies of lower than 10 rad/s. Data were collected for each tissue type. The number of sam-
Visual overview of this article. The viscoelastic properties were investigated from material measurements of several biological tissues. We used porcine tissues (liver, mammary gland, breast muscle, breast fat, psoas major muscle, longissimus thoracis muscle, and muscle fat) as samples (a-1). We used a plate-plate rheometer, which can dynamically control and measure the stress and strain applied to the sample, to measure the samples (a-2). We conducted a dynamic viscoelastic test (b) to measure the viscoelastic properties and derive the viscoelastic model (c). We found that skeletal muscle and breast tissues have non-minimum phase properties; that is, the relationship between compliance and phase delay is not uniquely related to the fractional derivative order. The experimental results show that the actual phase delay is larger than that estimated from compliance. This paper also proposes a model for representing the non-minimum phase properties.
ples for each tissue type is shown in Table I . We obtained pairs of results, (compliance J, phase φ) or (storage elastic modulus G', loss elastic modulus G", from the dynamic viscoelastic test.
III. RESULTS AND MODELING
A. Compliance and phase delay
Typical experimental results of the compliance and phase of a sample for each tissue type are shown in Fig.  2 , where compliance J is the multiplicative inverse of G * . The experimental data for all samples of a given tissue exhibited the same trend as that of the typical sample. The power-law compliance J decreases as the angular frequency ω increases for over two decades. The phase delay φ remains constant as the angular frequency ω changes for over two decades.
The liver tissue response in the log-log diagram shown in Fig. 2 (a) has almost the same slope as those for the mammary gland, breast muscle, breast fat, and psoas major muscle, shown in Fig. 2 (b) -(e), respectively. This means that the power law index α from the compliance data is almost the same among these tissues. The phase delay in breast muscle, breast fat, and psoas major muscle is larger than that in liver tissue. The slope for longissimus thoracis muscle and muscle fat response, shown in Fig. 2 (f) -(g) differs from the other tissues. A model used in previous research on liver tissue [35] showed that the relationship between compliance (J ∝ ω −α ) and phase delay (φ == − π 2 α) is uniquely related to the derivative order α. The response of the liver tissue almost satisfies this relationship, but those of the other tissues do not. Thus, we found that some soft biological tissues have an additional phase delay, namely, the difference between the experimentally measured phase delay and the phase delay (φ = − π 2 α) estimated from the compliance data (J ∝ ω −α ) . Here, we introduce a model that represents the characteristics of the experimental results, including the powerlaw form of compliance, constant phase delay, and additional phase delay. Our model is given in equation (1) . Equation (2) is a model introduced in a previous article [35] ; it is used as a reference.
where x is the strain (torsional strain), f is the stress (torsional stress), t is time, α is a non-integer derivative order representing the viscoelasticity ratio, t r is the reference time scale, G is the linear viscoelastic stiffness at an arbitrarily chosen point in time t r , H ∆α is the fractional Hilbert transform operator of the order ∆α [39] , and ∆α is an additional phase delay ratio used to represent the non-minimum amount of the system (i.e., an index of the additional phase delay). The term H ∆α is the fractional Hilbert transform operator, which is used to represent an additional phase delay. Equation (1) is equal to equation (2) , presented in our previous study, when ∆α = 0 [39] .
The equation is expanded below to explain the above characteristics. The frequency transfer function is: ∆α. For the liver tissue, there are a few differences between the dashed and dotted lines. Thus, the liver tissue has minimum phase viscoelastic properties. The other tissues have non-minimum phase viscoelastic properties. The model, which was fit to the typical experimental data through parameter identification, shows that the data of our model and the experimental data are highly correlated.
Here, ω is the angular frequency, j is the imaginary unit, and ω r is the reference scale, which is defined as ω r = 1/t r . We use the following relationship: H ∆α = exp(j π 2 ∆α) = j ∆α [39] . The compliance J is defined from equation (3) as follows:
where J(ω r ) is a coefficient representing compliance, which is defined as J(ω r ) = 1/G. Equation (5) is derived from the log-log transformation of (4) through a transformation into dimensionless quantities.
The model equation of the phase delay φ is derived as follows:
where φ o (= − π 2 (α + ∆α)) is the coefficient that represents the phase delay. Thus, our model represents the trends in the experimental results, namely the decrease in power-law compliance, as (5), constant phase delay, and additional phase delay, as (6) .
We fitted the compliance J(ω) and phase φ(ω) of our model to the experimental results through parameter identification. Specifically, the parameters G, α, and ∆α were identified for each sample. Details of the method, process, and equation used in the parameter identification are provided in Appendix.
The data of compliance J(ω) and phase φ(ω) from our model, in which the parameters were fitted to the experimental data, are shown in Fig. 2 . The figure shows that the data of our model and the experimental data are strongly correlated. Table I lists the fundamental statistics about the model parameters for each tissue type. In Table I , each dataset for a single experiment was fitted to identify the set (G, α, ∆α) of model parameters. The results of these parameters were then averaged.
B. Mechanical impedance
In this section, we present the results of mechanical impedance. The mechanical complex impedance G * is defined as follows:
Here, ω is the angular frequency, G * is the complex mechanical impedance, G' is the storage elastic modulus, and G" is the loss elastic modulus.
Typical experimental data of the mechanical complex impedance G * for a sample of each tissue type are shown in Fig. 3 . This figure was made using the data in Fig.  2 . All samples for each tissue type exhibited the same trend as that of the typical sample. The storage elastic modulus G and the loss elastic modulus G increase with increasing angular frequency ω. The data of G and G exhibit a power-law form for over two decades. The slopes of G and G in the log-log diagram are almost the same.
Our model shows the same characteristics as those of the experimental data, such as the power-law forms of G and G with the same slopes. The equation is expanded below to explain the above results. Because equation (1) takes the form of a frequency transfer function, the complex shear modulus G * can be expressed as follows:
Here, we use the following relationship: H ∆α = j ∆α [39] . Equation (8) expands to (9a) and (9b) from (7) with a separation of the real and imaginary parts of (8) .
Here, G (ω r ) and G (ω r ) are constant parameters that represent the storage elastic modulus and the loss elastic modulus, respectively. The parameters have the following relationship (10):
Equations (11a) and (11b) were derived from (9a) and (9b) using a log-log transformation through a transformation into dimensionless quantities.
Thus, our model equation exhibits the same trend as that of the experimental data, i.e., the power-law dependence of the storage elastic modulus G and the loss elastic modulus G . The additional phase parameter ∆α affects the ratio of storage elastic modulus G (w r ) to loss elastic modulus G (w r ). This ratio for the model without the additional phase term (2) is related to the power law index α as G (w r )/G (w r ) = tan( α + ∆α) ). The parameters G, α, and ∆α were identified by fitting the experimental data for all samples of each tissue type. The G' and G" in our model, which fit the typical experimental data, are presented in Fig. 3 . This figure shows that the data of our model and the experimental data are strongly correlated. The coefficient of determination R 2 between our model and the experimental data for the series of G' and G" for all samples of each tissue type is approximately 90%. Table I lists the fundamental statistics of the model parameters for each tissue type. In the table, each dataset for a single experiment was fitted to identify the set (G, α, and ∆α) of model parameters.
The results of the model parameters were then averaged.
IV. DISCUSSION
The main contribution of this article is the identification of the non-minimum phase viscoelastic properties of FIG. 3 . Mechanical complex impedance. Typical experimental data for the samples of each tissue type are shown. The plus and cross symbol plots respectively show the experimental data for the storage elastic modulus G and the loss elastic modulus G . Results for (a) liver, (b) mammary gland, (c) breast muscle, (d) breast fat, (e) psoas major muscle (fillet), (f) longissimus thoracis muscle (loin), and (g) muscle fat. All samples for a given tissue type exhibit the same trend as that of the typical sample. G and G increase as the angular frequency ω increases. Both G and G exhibit a power-law form for over two decades. The slopes of G and G in the log-log diagram are almost the same. The data of G and G in our model are indicated by the solid and dashed lines, respectively. These data, which were fit to the typical experimental data through parameter identification, show that our model and the experimental data are highly correlated. soft biological tissues and the development of a model that represents these properties. Here, minimum phase systems are defined as systems that have the minimum phase delay for a given magnitude (compliance in this article) of the response. A minimum phase system has the smallest possible phase for a give magnitude response. A system has minimum phase properties when it and its inverse are causal and stable. A non-minimum phase system has a phase delay that is larger than that of a minimum phase system with the equivalent magnitude.
For a fractional-order system with index α, the system has minimum phase properties when φ = π 2 α, and the system has non-minimum phase properties when φ > π 2 α [38] . For a minimum phase system, the relationship between the magnitude (compliance) and phase delay is uniquely determined by Bode's theorem, which means that a phase diagram can be estimated from a magnitude diagram, and vice versa. For such a system, the time response can also be estimated from magnitude and phase diagrams through the inverse Fourier transform.
The index α in the fractional model for viscoelasticity is important for characterizing model properties. The value α can be estimated from several types of experimental data, such as a decrease in power-law compliance and constant phase delay. The estimation is not limited to the frequency domain. The time response, such as the power-law strain increase in the creep test and the power-law decrease in the stress relaxation test, can also be used. In this investigation, it was expected that the same value of α could be obtained in each experiment under the assumption that the above relationship in a minimum phase system is satisfied. The results obtained here show that the index α should be evaluated under the consideration that soft biological tissues have nonminimum phase viscoelastic properties. For example, we found a difference in the estimated index between the decrease in power-law compliance (α) and constant phase delay (α + ∆α).
From a practical point of view, the contribution of this study is a parameter that is useful for discriminating tissue types. The additional phase delay parameter ∆α differs with tissue type. In particular, muscle tissues such as the psoas major muscle, longissimus thoracis muscle, and muscle fat have very different ∆α values. The ∆α value may be related to the fat cell content in tissue. The liver has a simple cell structure and consists mainly of liver cells. Porcine liver tissue includes only a few fat cells, whereas breast and skeletal muscle tissues include many fat cells. In particular, the fat cell content in muscle tissue increases in the order of psoas major muscle, longissimus thoracis muscle, and muscle fat. The ∆α value increases in the same order.
The main limitation of this study is that it does not explain how non-minimum phase properties come about. The Hilbert transform operator is used in the BenjaminOno equation for internal waves in stratified fluids, where it is introduced as a theoretical expansion of the physical model [40, 41] . Further theoretical investigation is needed regarding the fractional Hilbert transform and non-minimum phase properties. In addition, the effects of non-minimum phase properties on the response in the time domain should be investigated. Finally, the fractional model was partially explained through a fractal structure in related studies [35, 42] . The actual structure and how the non-minimum phase viscoelasticity and the fractional Hilbert transform operator can be related to the structure are still unknown.
V. CONCLUSION
This study proposed a model that represents the viscoelastic properties of soft biological tissues. We found that breast and skeletal muscle tissues have nonminimum phase properties in a dynamic viscoelastic test. The experimental results show that the actual phase delay is larger than the phase delay π 2 α estimated from the index α of the power-law compliance. The proposed model and the experimental results were highly correlated in terms of the compliance and phase diagrams and the complex mechanical impedance. The additional phase delay parameter ∆α may be useful for discriminating tissue types because it differs with tissue type. EKF can be generally described as follows:
where k = 0, 1, 2,... represents the discrete iteration index (number of datasets in this case), θ is an ndimensional state vector, ψ is an n-dimensional system noise vector, y is a p-dimensional observation vector, ζ is a p-dimensional observation noise vector, and f() and g() are nonlinear vector functions. In state-space theory, (A2a) and (A2b) are known as the system model (or state model) and the observation model, respectively.
The parameter vector is regarded as a state vector in the EKF for system identification. The state vector (parameter vector) θ is a constant vector and the observation noise vector ζ is a Gaussian white noise with zero mean.
(A2a) and (A2b) are represented as:
where I is the identity matrix and h() is a nonlinear vector function. For system identification for the dynamic viscoelastic test, the state vector (parameter vector) θ, observation vector y, and nonlinear vector function h() are regarded as follows for ω r = 1:
h(θ) = α log ω + log(G cos( π 2 (α + ∆α))) α log ω + log(G sin( The EKF algorithm (ref. [43] ) using (A4a)-(A4c) was applied to identify the parameter from the dataset. It was not necessary to set initial values for each parameter θ 0 , meaning that θ 0 was a zero vector.
